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ABSTRACT Simple dimensional analysis is employed to discuss the relevance of impurity interactions on 
the molecular dimensions of flexible polymers in the limits of high- and low-impurity densities. Scaling arguments 
account for the universal behavior of static properties observed by Baumgiirtner and Muthukumar in their 
recent Monte Carlo simulations. An approximate model of the random impurity interaction is introduced 
by considering the random impurities as being analogous to an “effective surface“ with which the polymer 
interacts. Qualitatively the same conclusions are obtained as in the scaling arguments except that the effective 
surface analogy provides closed form scaling functions describing the variation of the molecular dimensions 
as a function of the dimensionless disorder interaction. The transition to a collapsed state is found to be 
characterized by a critical impurity density which is a function of the chain length. 

1. Introduction 

Recently, Baumgartner and Muthukumar’ (MB) in- 
vestigated the configurational properties of a polymer in 
an array of randomly distributed fixed obstacles 
(“impurities”) and found a crossover from random coil to 
“collapsed” chain configurations with an increasing im- 
purity concentration. For the idealized random walk 
model that they consider, the limiting collapsed chain 
dimensions are found to be independent of chain length 
and dependent in a universal way on the impurity con- 
centration. 

A close quantum mechanical analogue of this problem, 
the scattering of an electron in an array of randomly 
distributed impurity centers, has been studied extensively 
over the last 30 years, and this formalism can be tran- 
scribed with little variation to the polymer problem.2-’2 
The polymer collapse transition due to impurities in a 
quantum mechanical context corresponds to a change from 
a free-electron (conducting) state to a localized (noncon- 
ducting) state with increasing impurity concentration. 
Calculations by Edwards8Jo using the path integral for- 
mulation of the one-electron Green’s function averaged 
over random impurities indicate that this transition occurs 
because the randomly distributed impurities generate a 
net attractive interaction, giving rise to the localization 
transition for sufficient disorder. MB give the same in- 
terpretation to the polymer collapse due to a net effective 
attractive interaction generated by impurities.’ Edwards 
and others have also noted the close mathematical analogy 
between electron localization and polymer collapse due to 
binary self-attractive excluded volume i n t e r a c t i ~ n s . ~ J ~ J ~  

2. The Model 

Following the standard modeP12 for impurity inter- 
acting electrons, MB introduce the impurity-averaged 
end-to-end vector distribution function for the polymer 
as 

where NI is the number of impurities in the system at  
positions R, and pOp is a coupling constant for the point 
impurity-polymer interaction. P(R,) describes the dis- 
tribution of impurities which is taken to be random in the 
simulation of MB. Other choices of P(R,) are of course 
possible, and P can be more generally taken as a random 
variable as welfl The variable N is the chain length, d is 
the dimension, 1 is the Kuhn length, and T is the contour 
distance measured along the chain. In the analogue 
quantum mechanical problem, N is replaced by imaginary 
time, the dimension d by electron mass, and the Kuhn 
length 1 by Plank’s constant h. See ref 2,3,  and 10 for a 
detailed discussion of the impurity-averaging formalism 
and the quantum mechanical analogue of (2.1) corre- 
sponding to the average propagator for an electron moving 
in a background of fixed random scatterers. 

Below we introduce dimensionless units for the position 
vectors of the impurities and polymer chain, R, and R(T), 
respectively, and the chain length N = nl as 
R ( X ) ( ~ / ( R ~ ) ~ ) ~ / ~  = r(x) 

The Hamiltonian H/KBT in these units is equal to 
R,(d/(R2)o)1/2 = r, 

Ho = (1 /2 ) l1dx  0 Idr(x)/dx12 

Nl 

x = T/N (2.2) 

HI = $,(d/2a12)d/2n1-d/2 L l d x  ( 2 ~ ) ~ / ~ 6 [ r ( x )  - r,] 
u = l  

(2.3) 
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These reduced units are helpful in the dimensional analysis 
arguments introduced below. 

3. Vanishing Impurity Concentration Limit 
The effect of impurities depends very much on their 

concentration and distribution in space. In the limit of 
a vanishing concentration, where few impurities are in the 
proximity of the chain, we can take P(R,) as a sum of few 
6 function interactions at isolated points. For illustration, 
consider a single "impurity" situated at  the origin, 

P(RJ = 6(R,) (3.1) 

Inserting (3.1) into (2.1) reduces the impurity Hamiltonian 
to 
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(4.1) 

(4.2a) 

q5* = (4 - d)/2 (4.2b) 

H(exc1uded volume)/KBT = Ho + HEv 
1 

HEv = z o p ~  dx 11dx'6[r(x) - r ( x ' ) ] ( 2 ~ ) ~ / ~  
0 

zo2 = (d/27r12)d/2$2n92 

zop = ( d / 2 d  2)d/2$pn4p q5p E (2 - d)/2 (3.2b) 

which is studied in detail by Douglas et al.14 Equation 3.2 
is useful for discussing some of the qualitative effects of 
impurities in the low-concentration limit. 

The critical dimension in the case of a repulsive poly- 
mer-impurity interaction is determined by the vanishing 
of the crossover exponent 4p in (3.2a). It is evident that 
d = 2 is the critical dimension for a single repulsive point 
impurity. Addition of several impurities to the proximity 
to the chain should leave this conclusion unchanged. The 
practical implication of this observation can be seen from 
the explicit calculations of Douglas et al.14 where the mean 
square end-to-end distance ( R2) of a single impurity in- 
teracting chain equals (d = 3) 

(R2) = (R2)o{l + 2zoP + O [ ( Z ~ , ) ~ ] )  (3.3a) 

zo,(d = 3) = (3/2~1~)~/~/3O,n-'/~ (3.3b) 

where the chain has one of its ends at  the origin. In the 
limit of infinite chains, we have zop - 0 for finite-impurity 
interaction PP and ( R2) approaches its unperturbed value 
( R2),,. This is the usual situation for an "irrelevant" in- 
teraction (i.e., d above the critical dimension of the in- 
teraction). Simple dimensional analysis is not appropriate 
for classifying interactions when attractive interactions are 
involved, however. This point is underlined by the exact 
lattice calculations of Rubin15 for the collapse of a polymer 
onto an attractive point in three dimensions. One can 
hardly classify an interaction which brings about the 
collapse of the polymer as being "irrelevant"! The same 
consideration applies to the collapse transition from at- 
tractive self-interaction of the chain.16 

Before proceeding to the opposite extreme of a high 
concentration of impurities, it is useful to reiterate the 
qualitative effect of impurities at low concentration. A 
repulsive polymer-impurity interaction increases the chain 
dimensions albeit to a degree which decreases with in- 
creasing chain length in d = 3, while an attractive inter- 
action causes a contraction of the chain and eventually 
chain collapse. 

4. High-Impurity-Concentration Limit 
The usual situation of a polymer in solution can be 

thought of as corresponding to the limit of an infinite 
concentration of impurities where the solvent molecules 
are taken as the impurities. It is implicit in the application 
of the two-parameter model that the solvent uniformly f i  
space (no density fluctuations) so that the solvent degrees 
of freedom can be "integrated out" to yield16J7 the usual 
two-parameter model Hamiltonian given by 

where p02 is the excluded volume binary cluster and zo2 the 
standard Fixman parameter.l6J' The delta function in 
(4.2a) is a coarse-grained model of the true potential of the 
mean interaction determined at  a microscopic level by a 
complex interplay of polymer-polymer, polymer-solvent, 
and solvent-solvent intera~tions.'~J' The Hamiltonian 
(4.2a) may be considered a particular example of the im- 
purity Hamiltonian (2.3), where ra is the chain position 
vector r(x). Observe that averaging over ra changes the 
dependence of the dimensionless interaction on chain 
length (i.e., the exponent 4).  Further examples of this 
occurrence are described in ref 14 where the ra's are taken 
to be Euclidean surfaces of different dimensions. 

For high- but finite-impurity concentrations, where there 
are fluctuations in the density of the space occupied by 
the polymer, various situations can arise intermediate 
between the idealized vanishing and infinite-impurity- 
concentration limits. An especially interesting situation 
is the case of randomly distributed impurities. Calcualtion 
for this case follows standard calculational procedures2-12 
for the density of states of an electron in a random po- 
tential array with minor variation since different properties 
need to be calculated in the analogue polymer problem. 

Following Edward's analysislg in the case of the random 
point impurities, it is found that the effective Hamiltonian, 
obtained after averaging over the random impurity degrees 
of freedom, is characterized by a dimensionless polymer- 
impurity interaction, 

zoI = ( d / 2 ~ l ~ ) ~ ~ ~ P ~ n 9 ~  c $ ~  = (4 - d ) / 2  (4.3a) 

which scales with chain length in the same way as the 
Fixman parameter [see (4.2)] for excluded volume.1619 
Very importantly, the impurity interaction coupling con- 
stant PI for the averaged interaction is proportional to the 
impurity density p and the square of the impurity-polymer 
interaction so that we havelg 

POI -($p)2P (4.3b) 

As a consequence, the impurity interactions (attractive or 
repulsive) always induce a net attractive interaction which 
causes the polymer to contract. This situation is con- 
trasted with the few impurity limit considered in section 
3. Addition of repulsive polymer excluded volume inter- 
actions will, of course, counterbalance this contraction, but 
this complication will be avoided in the present paper. The 
same scaling relation (eq 4.3b) between the random im- 
purity coupling constant, PI, the density, p, and the point 
interaction coupling constant, @' , is found in the analogue 
electron localization problem.lOfl Application of the ran- 
dom impurity Hamiltonian is limited to the high density 
and weak interaction limit specified by the condition that 
POI remains finite even though p is large.3ps12 

Following MB, we can take the impurity density, p,  as 
proportional to (1 - p ) ,  with p being the "porosity" (see 
MB for details of the definition of p ) ,  and this yields 

zoI(d = 3) (1 - p)n'I2 (4.4) 

for a constant point-impurity interaction, pOP, as in the MJ3 
simulations. Good evidence that (4.4) is the universal 
scaling variable appropriate to the lattice simulations is 
provided by MB. 
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5. Random Impurity Induced Collapse 
Muthukumar and Edwardslg have made preliminary 

calculations based on the effective Hamiltonian for the 
random impurity model following methods closely analo- 
gous to Feynman’s treatment of the polaron problem (see 
ref 11). Since these results will be discussed elsewhere, 
there is no point in discussing this calculation in detail 
here. It is only noted that these calculations indicate that 
(R2) for a large impurity interaction (Le., lzoIl >> 1) ap- 
proaches (d = 3) 

(R2) - lPIr2 (5.1) 
which is independent of molecular weight. Combining 
(4.3), (4.4), and (5.1), we have in the limiting collapsed 
regime 

(R2) N (1 -p)-’  (5.2) 
which is in accord with the Monte Carlo simulations of 
MB. The calculations of Muthukumar and Edwards for 
the polymer-random impurity problem are straightforward 
aside from the formal use of replica methods. Until these 
formal manipulations are carefully checked, however, the 
calculations must be considered as tentative.lg At present 
we can be encouraged that analytic and simulation calcu- 
lations lead to consistent results. 

Although an exact calculation for the random impurity 
problem is not attempted here, we can readily understand 
the qualitative results of Muthukumar and Edwards and 
the numerical results of MB through a simple scaling ar- 
gument. This scaling argument is followed by another 
approximate approach which yields predictions for the full 
scaling functions as a function of zoI in the random im- 
purity problem. 

There are two relevant length scales in the problem of 
a collapsing polymer-the unperturbed dimensions, 
( R2)01/2, and a correlation length, 6, characterizing the 
dimensions of the collapsed coil. For an impurity induced 
collapse transition, there should be an extensive change 
in the free energy, AF, reflecting the reduction in the chain 
local degrees of freedom. This implies that AFIKBT - 
n, and by dimensonal consistency we have 

U / K B T  (Rz)O/t2 (5.3) 
Furthermore, consistency with the scaling of the dimen- 
sionless disorder interaction, zoI requires 

(5.4) AF/KBT N n N lzo112/E, E = 4 - d 

and (5.3) and (5.4) imply 

* t2 - (R2)01~011-2/‘, lz0Il >> 1 (5.5) 
Using the definition of zoI in (4.3a) implies that (5.5) re- 
duces to (5.1) for d = 3, and a new prediction here is that 
the exponent in (5.1) changes to unity for two dimensions. 
In three dimensions, (5.5) and (4.4) give for the mean 
dimensions of the chain 

5 = (1 -p)-1 (5.6) 
with the prefactor molecular weight independent as found 
in the simulations of MB and the preliminary calculations 
by Muthukumar and Edwards.lg 

Similar reasoning to (5.3)-(5.5) leads to a corresponding 
exact result for a polymer absorbed on a surface (see ref 
14), and this observation forms the basis of a more com- 
plete treatment of the problem below. It is also notable 
that (5.4) [with zoI replaced by zo2 in (4.2b)l is consistent 
with Monte Carlo data for the free energy of a polymer 
collapsing from self-attractive interactions.20 Further, 
Gaylord and Douglasz1 employ the argument (5.3)-(5.5) 
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in a simple but rather successful model of rubber elasticity 
which accounts for the “localization” of the Gaussian 
network chain where the surrounding network chains play 
the role of R, in (2 .1~) .  de Gennesz2 first pointed out the 
connection between electron localization and the locali- 
zation of a network chain in rubber and also popularized 
the “tube model” of such localized chains. 

Another approximate approach considered here is to 
model the many-body effective Hamiltonian of the random 
impurity problem by a dimensionally consistent approx- 
imate Hamiltonian. To achieve this, we visualize the 
background of random impurities as forming a field of 
random dust in which the chain is embedded. Douglas et 
al.14 recently presented exact calculations for a polymer 
interacting with surfaces having continuously variable 
dimension over the whole range of surface interaction 
(attraction and repulsion). From these calculations, it was 
found that the expansion of a block within an AB diblock 
copolymer of repelling Gaussian chains could be under- 
stood semiquantitatively by comparison with the analogous 
problem of a surface interacting polymer, where one of the 
blocks in this analogy is taken as a surface of fractal di- 
mension 2 appropriate for Gaussian chains.z3-z6 It seems 
worthwhile to test this type of analogy further by modeling 
the background impurities in a similar fashion. 

The Hamiltonian for a polymer interacting with a sur- 
face of variable dimension d,, is given by 

H/KBT = Ho + zos 6[ r , (x ) ] (2~) -~J~  (5.7a) 

4, = c1/2 

s,’ 
zo8 = ( d / 2 ~ l ~ ) ~ ~ / ~ p O , n @ 9  

where r,(x) is the projection of the position vector r(x) 
onto the d, dimensional space orthogonal to the inter- 
acting surface of dimension d,,, and $, is the surface in- 
teraction coupling constant. Equation 5.7 reduces to (3.2) 
in the limit d,, - 0. We obtain consistency of the di- 
mensionless interactions in (5.7b) and (4.3a) by taking d,, 
equal to two (corresponding to a random fractal dust of 
dimension 2 9  and by identifying rl(x) with the position 
vector of the interacting chain and $, with PI. From the 
exact calculations of Douglas et al.14 we immediately obtain 
a prediction for the crossover scaling functions describing 
many of the properties of interest. For example, from 
(3.7e) of ref 14, the end-to-end distance is equal to 

t i  = 2 + d,, - d (5.7b) 

m 

(R2) = (R2)o{ C (-1)K[z0~r(t/2)1K/r(2 + K6/2)}/Q 
K=O 

(5.8a) 
m 

Q = c [ - - ~ ~ ~ r ( + ) ] y r ( i  + m q 2 )  E = 4 - d (5 . a )  
m=O 

I t  is shown in Douglas et al. that (R2) in (5.8) has the 
asymptotic behavior, 

(R2) - (R2)oJ~oII-2/‘ 2’1 < 0, lz0Il >> 1 (5.9) 
as argued for in (5.5) and found in the preliminary calcu- 
lations of Muthukumar and Edwards.lg An interesting 
qualitative feature predicted by (5.8) is that the collapse 
transition occurs for a critical value of the disorder in- 
teraction,27 

zoI N constant (5.10) 
corresponding to a density, p ,  of impurities scaling as [see 
(4.3a)l 

p c  - / ( $ J 2  (5.11) 

The critical density, po  thus decreases with increasing 
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chain length and polymer-impurity interaction. However, 
if the polymer-impurity interaction, Pp, is small, corre- 
sponding to a relative transparency of the polymer to the 
impurities, the critical density required to induce con- 
centration is higher. 

Equation 5.8 gives a unique description of the crossover 
function for the full range of disorder, zoI, which can be 
compared with the results of the type given by MB. Nu- 
merous other properties are given in Douglas et al.,'4 which 
could be employed in a comprehensive comparison be- 
tween theory and Monte Carlo data to test the corre- 
spondence suggested above. A similar analogy known as 
the Potential Well Approximation has been exploited by 
Economou28 in a successful approximate model of electron 
localization in disordered materials. 

6. Conclusions 
Scaling arguments and a simple model are introduced 

to describe the collapse transition observed by 
Baumgiirtner and Muthukumar in their Monte Carlo sim- 
ulations of random walks interacting with random fixed 
impurities. It is found that the observed data have a rather 
simple interpretation using concepts familiar to the theory 
of polymer adsorption and the theory of electron locali- 
zation. A universal scaling function is proposed to describe 
the mean molecular dimensions of impurity interacting 
chains without excluded volume. A subsequent paper will 
focus on the additional effect of polymer-polymer excluded 
volume in conjunction with the impurity interaction. 

There are important motivations for studying the ran- 
dom impurity problem beyond the practical applications 
already mentioned by MB.l The paradigm of effective 
attractive interactions generated by random density 
fluctuations in the medium surrounding the polymer 
provides a new perspective for understanding some of the 
most basic polymer solution properties. For example, it 
is difficult to understand on the basis of the usual two- 
parameter model of excluded volume why polymers fre- 
quently exhibit an upper critical solution temperature 
above which the molecular dimensions of the chain begin 
to contract. Chu et al.29 have recently studied this phe- 
nomenon in detail and observed that many polymers ex- 
hibit two distinct 0 temperatures, du and dL, below which 
and above which, respectively, the chain undergoes gradual 
contraction. For intermediate temperatures du I T 4 dL, 
the chain dimensions have extended random coil or swollen 
configurations. In some cases, it is observed that du and 
dL are so close that an intermediate good solvent regime 
does not even exist.29 Chu et al. also make the interesting 
observation that dL is typically near the critical point of 
the pure solvent. 

Now Chu et al.'s observations are contrasted with the 
predictions of the two-parameter theory. For simplicity 
of discussion, consider zo2 to have the mean field depen- 
dence on temperature (d  = 3) 
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the density fluctuations of the solvent as being impurities 
whose density grows with increasing temperature (i.e., as 
the critical point of the pure solvent is approached), then 
the polymer collapse with increasing temperature could 
be seen as a kind of localization transition due to random 
impurities. Of course the discussion here is a bit specu- 
lative and is meant only to suggest a new way of thinking 
about the problem. 
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ABSTRACT A laser-induced holographic grating relaxation study of camphorquinone in amorphous 
poly(bispheno1 A carbonate) is carried out. For the first time it is found that, by changing the temperature, 
two types of line shape associated with the relaxation of the multiple grating effect can be observed. The 
temperature dependence of the diffusion coefficient of camphorquinone follows the LWF equation, with the 
LWF coefficient Cp in agreement with the dielectric relaxation data, thus suggesting that  the same type of 
segmental motion is responsible for diffusion and dielectric relaxation. A rapid drop of the diffusion coefficient 
is observed as the temperature traverses across Tg from above. Below TE, the diffusion rate is found to decrease 
very slowly with decreasing temperature. 

Introduction 
Laser-induced holographic grating relaxation (LIHGR) 

is a sensitive and selective method for the measurement 
of tracer diffusion coefficients for photochemically labeled 
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molecules.’ From the shape of the time-dependent dif- 
fraction signal it has been found that multiple gratings are 
a common feature in the LIHGR e ~ p e r i m e n t . ~ ~ ~  Multiple 
gratings m u s t  always be present because photoexcitation 
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